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0. Introduction
0.1. Presentation of the concept
Let X be a topological space and denote by cat X the Lusternik–Schnirelmann category of X , deﬁned as one less than the
minimal number of open subspaces of X contractible in X necessary to cover it. The original interest in the study of this
homotopy invariant arose from the fact that if X is a closed differentiable manifold, then cat X + 1 is a lower bound [15]
for the number of critical points of a smooth function over X . Early work on this invariant was done by Fox [5]. Interesting
surveys on the progress achieved up to the mid 1990’s are included in the papers by James [12,13], and up to the early
2000’s in the book by Cornea, Lupton, Oprea and Tanré [2]. This topic continues to be studied up to the present.
Ganea [8] conjectured that cat(X × Sn) = cat X + 1 for any ﬁnite CW-complex X and n 1. This conjecture was proved
in some particular cases: by Jessup [14] and Hess [9] when X is a rational space, by Rudyak [16] and Singhof [18] for some
manifolds and by Strom [22] for some CW-complexes. It was even proved more generally by Félix, Halperin and Lemaire [4]
that cat(X × Y ) = cat X + cat Y when X and Y are rational spaces.
Nevertheless, this conjecture has been disproved for more general spaces. In fact, Iwase [10] was ﬁrst to produce a whole
family of counterexamples, the lowest dimensional of which has dimension 10, while Vandembroucq [26] proved that there
can be no counterexamples of dimension 5 and lower. Nothing was known for dimensions 6 through 9.
The counterexamples to Ganea’s conjecture found by Iwase [10] are a consequence of the instability of some Hopf invari-
ants, meaning that for the attaching map f in the construction of X , Hs( f ) = 0 while Σ∞Hs( f ) = 0. The approach in this
work is essentially to prove that while for all sections s, Hs( f ) = 0 and Σ∞Hs( f ) = 0, this second, stable, Hopf invariant
factors through a map of spheres with Brouwer degree 4.
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The main contribution of this work is the construction of a 7-dimensional counterexample to Ganea’s conjecture. This
counterexample narrows the unknown dimensional range to simply 6. This counterexample will be given by the space:
T = S2 ∨ S6 ∪ f e7 (1)
where f = ι2 ◦ η4 + 4ι6, η : S3 → S2 is the Hopf map and for i = 2,6, ιi : Si ↪→ S2 ∨ S6 is the canonical inclusion.
Theorem 20. There exists a 7-dimensional topological space T such that:
(a) cat T = 2, and
(b) cat(T × Sr) = 2 for r  2.
In other words, T is a counterexample to Ganea’s conjecture.
The proof of Theorem 20 will be carried out using Propositions 16 and 18, which is based on the possibility of factoring
a Hopf invariant stably. This contrasts with Iwase’s construction [10] of the previously known counterexamples to Ganea’s
conjecture, where a non-stable Hopf invariant was used. The proof uses two descriptions of the space T , described in
Section 2 and in particular in Corollary 15. Probably the main result of the paper could be proved using only this second
description, but we wanted to emphasize the connection with the stability of Hopf invariants and their stable factorizations.
The Lusternik–Schnirelmann category can be deﬁned in combination with some self-functors λ of the category of topo-
logical spaces, thus yielding the concept of λ-category or λ cat. It is known that for any topological space X , λ cat X  cat X
as seen in [17]. It is believed, and has been partially proved, that the strict inequality λ cat X < cat X has a connection with
the existence of counterexamples to Ganea’s conjecture.
In particular, the Q -category or Qcat, where Q X = Ω∞Σ∞X is the inﬁnite loop space of the inﬁnite suspension of X
obtained by a limiting process, will be of interest in this work, motivated in part by a conjecture by Scheerer, Stanley and
Tanré [17] stating that for ﬁnite CW-complexes, Qcat X < cat X if and only if X is a counterexample to Ganea’s conjecture.
The following result illustrates this conjecture. This result follows immediately from Theorem 20 using [27, Corollary 13],
but an alternative direct argument is offered in:
Proposition 21. The space T constructed in Theorem 20 satisﬁes Qcat T = 1.
In a forthcoming paper the authors [21] plan to prove that there cannot be a counterexample of dimension 6 to Ganea’s
conjecture, hence establishing that the counterexample given above has the minimum possible dimension.
The plan of this paper is as follows: Section 1 presents some background material, which is well known. In Section 2,
two homotopy equivalent characterisations of the space X described in (1) are shown. Section 3 contains the proof of the
ﬁrst assertion in Theorem 20 and Section 4 proves the second assertion. As a corollary to the techniques utilised in the
latter part, Proposition 22 will be an immediate consequence.
1. Background material
The present work will be conﬁned to the category of pointed spaces having the homotopy type of CW-complexes. The
base point of any space will be customarily denoted by ∗ and the identity map of a space X will be denoted by 1X . In this
work we will often not distinguish between a map f : X → Y and its homotopy class f ∈ [X, Y ].
Throughout this work, η : S3 → S2 will denote the Hopf map and the power notation ηn will be adopted for composi-
tions of successive suspensions of η. For example, the notation η3 is simply a shortcut for the composition S5
Σ2η−→ S4 Ση−→
S3
η−→ S2. The following facts are well known in the homotopy groups of spheres. For references, see [25, Chapters III, V
and XIV].
Proposition 1. The successive composition of the map η has, among many others, the following properties:
1. η3 = 0 and hence η3 has order 2 in the group π5(S2) ∼= Z2 .
2. Σ∞η3 is homotopically nontrivial.
3. Ση3 has order 2 in π6(S3) ∼= Z4 ⊕Z3 .
4. Σrη3 is divisible by 4 for r  3, in the sense that there exists a map b ∈ πr+5(Sr+2) ∼= Z8 ⊕Z3 such that Σrη3 = 4b.
For a space X we let C X = X ∧ I be the cone on X where one end of the interval is taken as its base point. Σ X = S1 ∧ X
is the suspension and Cyl X = X ∧ I+ with I+ having the disjoint base point +. For f : X → Y the mapping cylinder is
Cyl( f ) = Y ∪ Cyl(X)/ f (x)  (x,1) and the mapping cone is Y ∪ f C X = Cyl( f )/(x,0)  ∗.
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a detailed exposition of their main properties, see [24, Chapter 2].
Deﬁnition 2. A coﬁbration sequence is a sequence of spaces and maps A
f→ B g→ C such that there exist a space B ′ , a coﬁ-
bration f ′ : A ↪→ B ′ and homotopy equivalences φ and ψ which are compatible with the projection p : B ′ → B ′/A in the
sense that the following diagram commutes up to homotopy:
A
f ′
B ′
p
φ
B ′/A
ψ
A
f
B g C
(2)
Deﬁnition 3. Dually, a ﬁbration sequence is a sequence of spaces and maps F
i→ A f→ B such that there exist a space A′ ,
a ﬁbration p : A′  B and homotopy equivalences φ and ψ which are compatible with the inclusion p−1(∗) ↪→ A′ in the
sense that the following diagram commutes up to homotopy:
F
i
ψ
A
f
φ
B
p−1(∗) A′ p B
Let F
i→ A f→ B be a ﬁbration sequence. A section or splitting of this sequence is a map s : B → A such that f ◦ s  1B .
This situation will often be referred to by saying that the ﬁbration sequence splits.
A useful concept in this work will be that of the adjoint of (the homotopy class of) a map between spaces. If f ∈ [Σ X, Y ],
deﬁne its adjoint f a ∈ [X,ΩY ] by means of the equality f a(x)(t) = f (x, t), where the space Σ X is represented here as a
quotient of the Cartesian product X × I . Notice that for some other map g ∈ [Y , Z ] one obtains directly from the deﬁnitions:(
Ω g ◦ f a)(x)(t) = Ω g( f a(x))(t) = g( f a(x)(t))= g( f (x, t))= g ◦ f (x, t)
hence proving the following:
Lemma 4. Let f ∈ [Σ X, Y ] and g ∈ [Y , Z ]. Then (g ◦ f )a = Ω g ◦ f a.
In a similar fashion, one obtains the following:
Lemma 5. Let f ∈ [X, Y ] and g ∈ [ΣY , Z ]. Then (g ◦ Σ f )a = ga ◦ f .
Although also known as the adjoint, a distinction shall be made between the previously introduced construction and its
reverse: If f ∈ [X,ΩY ], its adjoint will be denoted as f −a ∈ [Σ X, Y ]. Observe that the concept of the adjoint of a map can
be applied repeatedly, as long as its domain is a suspension, that is, for a map f ∈ [Σn X, Y ], its adjoint will be denoted
equally as f a ∈ [X,ΩnY ]. Of particular interest will be the direct limit of the adjoint of the successive suspensions of a map
f ∈ [X, Y ], yielding (Σ∞ f )a ∈ [X, Q Y ], where Q Y = Ω∞Σ∞Y .
In what follows, let G be an Abelian group and let M(G,n) denote the Moore space of type (G,n) whose reduced
homology is by deﬁnition:
H˜qM(G,n) =
{
G if q = n,
0 if q = n.
Particularly, if a is a positive integer, recall that M(Za,n) can be constructed as the mapping cone Sn ∪×a en+1, where “×a”
denotes a map of Brouwer degree a, obtaining the coﬁbration sequence:
Sn
×a
Sn M(Za,n)
φ
Sn+1
×a
Sn+1 · · · (3)
The map φ is called the pinch map.
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In [7], Ganea characterised an upper bound for the category of CW-complexes by using ﬁbration sequences ﬁrst con-
structed by Švarc [23, Theorem 3 in §1 of Chapter III] having the form:
Fk(X)
i Xk
Gk(X)
pXk
X
s
(4)
where the supra-indices X in the maps pXk and i
X
k are often omitted when the space X is clear. Fk(X) is the ﬁbre of pk ,
p0 is obtained by turning the natural inclusion p′0 : ∗ ↪→ X into a ﬁbration [24, Chapter 2], and pk is obtained by turning the
map p′k : Gk−1(X)∪C Fk−1(X) → X , such that p′k|Gk−1(X) = pk−1 and p′k|C(Fk−1(X)) = ∗, into a ﬁbration. With this construction,
one has the following characterisation of the spaces and maps involved in these ﬁbration sequences:
Proposition 6. Let X be a space and consider the spaces and maps deﬁned above. Then:
1. There exists a natural homotopy equivalence θ : ΣΩ X → G1(X) yielding a commutative diagram:
ΣΩ X
θ
(Ω1X )−a
G1(X)
p1
X
2. For each k, the compositions Gk(X) ↪→ Gk(X) ∪ C(Fk(X)) → Gk+1(X) are compatible with the maps pk and pk+1 in the sense
that the following diagram commutes:
Gk(X)
pk
Gk+1(X)
pk+1
X X
3. Ωp1 has the section θa and hence, up to homotopy equivalence, all the maps Ωpk split. In other words, for every k, pk splits after
looping.
4. Fk(X)  Ω X∗ (k+1)· · · ∗Ω X, the join of k + 1 copies of the loop space of X for k 0.
5. For every k 0, a map f : X → Y induces maps of spaces Gk( f ), Fk( f ) yielding a commutative diagram:
Fk(X)
Fk( f )
Gk(X)
Gk( f )
pXk
X
f
Fk(Y ) Gk(Y )
pYk
Y
(5)
6. Let X be a connected CW-complex. Then cat X  k if and only if there exists a section s of pk [7, Proposition 2.2].
The ﬁrst three assertions are straightforward from the deﬁnition. For a proof of property 4, see [6, Theorem 1.1]. Asser-
tion 5 means that the ﬁbration sequences (4) are also functorial; its proof can also be found in [23, Chapter 3] or carried
out from the above deﬁnitions.
Assertion 6 is precisely the aforementioned characterisation of an upper bound for the category of a space proved by
Ganea. This is why the ﬁbration sequence (4) is now known as the k-th Ganea ﬁbration. Motivated by Ganea’s result for
cat, one deﬁnes Qcat X  k if and only if there is a section τ of the ﬁbrewise Q -construction [17] applied to the k-th Ganea
ﬁbration of X :
Q Fk(X) Q Gk(X) Q pk
X
τ
(6)
In fact, for any topological space X , it is true that Qcat X  cat X .
1.2. Hopf invariants
Let X and Y be spaces such that cat Y = k; let also f ∈ [Σ X, Y ]. Consider the k-th Ganea ﬁbration of Y and let s be a
section of such ﬁbration. The adjoint map of f is f a : X → ΩY and hence its suspension is Σ f a : Σ X → ΣΩY = G1(Y ).
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Lemmas 4 and 5, one can compute:
(Ω1Y )
−a ◦ θ−1 ◦ θ ◦ Σ f a = [{(Ω1Y )−a ◦Σ f a}a]−a = [Ω1Y ◦ f a]−a = [(1Y ◦ f )a]−a = [ f a]−a = f . (7)
The above equality together with Proposition 6 implies the following solid arrow homotopy commutes:
Σ X
θ◦Σ f a
G1(Y )
p1
ι Gk(Y )
pk
Σ X
f
Y Y
s
The unlifted Hopf invariant of f with respect to the section s is deﬁned as the map Hs( f ) := ι◦θ ◦Σ f a−s◦ f . Since pk ◦Hs( f )
is homotopically trivial using the commutativity of the above diagram, in the exact sequence of homotopy groups associated
to the Ganea ﬁbration of Y :
[Σ X,Ω Fk(Y )] [Σ X,ΩGk(Y )] (Ωpk)# [Σ X,ΩY ] ψ [Σ X, Fk(Y )] (ik)# [Σ X,Gk(Y )] (pk)# [Σ X, Y ]
since the map (Ωpk)# splits by Proposition 6, it is surjective and further the connecting homomorphism ψ is trivial,
making the map (ik)# injective. Hence there exists a unique map Hs( f ) : Σ X → Fk(Y ) lifting Hs( f ), that is, such that
ik ◦Hs( f )  Hs( f ). The map Hs( f ) will be called the lifted Hopf invariant of f with respect to s:
Fk(Y )
ik
Σ X
θ◦Σ f a
Hs( f )
G1(Y )
ι
p1
Gk(Y )
pk
Σ X
f
Y Y
s
These Hopf invariants have been studied at least as far back as Berstein and Hilton [1], where instead of sections of a Ganea
ﬁbration, factorings of maps through the fat wedge of k copies of Y were used. It is well known that the Hopf invariant has
the following properties, which can be proved from Lemmas 4 and 5; the same properties also hold with the unlifted Hopf
invariant Hs replacing Hs:
Proposition 7. Let X, Y and Z be any spaces.
1. Hs( f + g) =Hs( f ) +Hs(g) for f , g : Σ X → Y and a section s of the k-th Ganea ﬁbration of Y .
2. Hs( f ◦Σ g) =Hs( f ) ◦Σ g for f : ΣY → Z , g : X → Y and a section s of the k-th Ganea ﬁbration of Z .
3. Hs( f ◦ g)  Fk( f )◦Hs′ (g) for f : Y → Z , g : Σ X → Y and a section s (resp. s′) of the k-th Ganea ﬁbration of Z (resp. Y ), where
the sections s and s′ are compatible in the sense that the following diagram commutes up to homotopy:
Gk(Y )
Gk( f ) Gk(Z)
Y
f
s′
Z
s
Under some dimension and connectivity restrictions, the Hopf invariants of the attaching maps of top-dimensional cells
in CW-complexes can be used to determine whether the category increases between Y and Z = Y ∪ f ∨ e+1. More precisely:
Theorem 8. Let
∨
S
f→ Y → Z be a coﬁbration sequence with  > 1. Further assume that dim Y   and cat Y = k > 0. Then
cat Z  k if and only if there exists a section s of the k-th Ganea ﬁbration pYk such thatHs( f ) = 0.
Some references for this result are [17, Theorem 4], [19, Theorem 3.6] or [11, Theorem 3.8]. In particular, let X be a
CW-complex and let Xi denote its i-th skeleton. Let also pk be the k-th Ganea ﬁbration of Xi . By Theorem 8, it follows that
cat Xi+1  k if and only if there exists a section s of pk such that Hs( f ) = 0 for k  1, where f is the attaching map such
that Xi+1 = Xi ∪ f C(∨ Si).
To conclude this section, a particular case of interest in this work is presented. The proof of this ﬁrst result can be found
in [1] or [2]:
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Further to Lemma 9, below is another preliminary result to the proofs in this work. It is well known, but the authors
have been unable to ﬁnd a reference.
Lemma 10. There exists a map p′ : G1(S2) → S3 such that the map p′ ◦ Hσ (η)  1S3 ∈ π3S3 .
Proof. Consider the diagram:
S2
(1S3 )
a η
a
Ω S3 Ωη Ω S
2 S1
ρ
S3 η S2
(8)
where the bottom row is a ﬁbration sequence and the triangle is (homotopy) commutative due to Lemma 4.
Since the inclusion of the ﬁbre S1 → S3 is trivial, there is a splitting ρ of the map Ω S2 → S1 and hence there exists a
homotopy equivalence χ : S1 × Ω S3 → Ω S2. This implies there is a map r : Ω S2 → Ω S3 such that r ◦ Ωη  1Ω S3 and so
r ◦ ηa  (1S3 )a . Also we know (for example from Lemma 9) that
pS
3
1 ◦ θ ◦ Σ(1S3)a  1S3 .
Let p′ = pS31 ◦ θ ◦Σr ◦ θ−1. Since p′ ◦σ : S2 → S3, this map is clearly trivial and thus p′ ◦ Hσ (η)  p′ ◦ (θ ◦Σηa −σ ◦η) 
p′ ◦ θ ◦ Σηa . So:
p′ ◦ Hσ (η) = p′ ◦ θ ◦ Σηa = pS31 ◦ θ ◦ Σr ◦ θ−1 ◦ θ ◦ Σηa = pS
3
1 ◦ θ ◦ Σr ◦ Σηa = pS
3
1 ◦ θ ◦ Σ(1S3)a = 1S3 . 
As a consequence of the above homotopy equivalence, the following result will be helpful in establishing the category of
the spaces of interest in later sections.
Proposition 11. Let s be any section of the ﬁrst Ganea ﬁbration of S2 ∨ Sn for n  3 and σ be the unique section of the ﬁrst Ganea
ﬁbration of S2 as in Lemma 9. Let1 : S2∨ Sn → S2 be themap induced by the identity on S2 and ∗ on Sn. Then G1(1)◦Hs(ι2◦η) =
Hσ (η).
Proof. Consider the solid arrow diagram:
F1(S2) G1(S2)
pS
2
1
G1(ι2)
S2
σ
ι2
F1(S2 ∨ S6) G1(S2 ∨ Sn)
pS
2∨Sn
1
S2 ∨ Sn
s
which commutes by the functoriality of the Ganea ﬁbration (5). This commutativity and the deﬁnition of section, along with
the fact that the homotopy ﬁbre F1(S2 ∨ Sn) is 2-connected imply that:
s ◦ ι2 = G1(ι2) ◦ σ . (9)
Using the deﬁnition of Hs(ι2 ◦ η), compute:
G1(1) ◦ Hs(ι2 ◦ η) = G1(1) ◦
(
θ ◦ Σ(ι2 ◦ η)a − s ◦ (ι2 ◦ η)
)
= G1(1) ◦
(
θ ◦ ΣΩι2 ◦Σ(η)a − G1(ι2 ◦ σ ◦ η)
)
(10)
= G1(1 ◦ ι2) ◦
(
θ ◦Σηa − σ ◦ η) (11)
= θ ◦Σηa − σ ◦ η (12)
= Hσ (η)
where (10) follows from Lemma 4 and (9), Eq. (11) follows from the naturality of θ and G1, and (12) follows since 1 ◦ ι2 =
1S3 and since G1 is functorial. 
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This section contains an alternative homotopy equivalent characterisation of the space T , described in (1); the original
construction is used for the proof of part (a), and the alternative description, contained in Corollary 15, is used in the proof
of part (b) in Theorem 20.
Lemma 12. Let X, Y and Z be any spaces and f : Σ X → Y and g : Σ X → Z any maps. Then we have a pushout:
Σ X
i
g
C yl( f )
Z Y ∨ Z ∪ f−g C(Σ X)
(13)
where i : Σ X → Cyl( f ) is the standard inclusion into one end of the mapping cylinder.
Proof. Let W be deﬁned to make the following a pushout,
Σ X
i
g
C yl( f )
Z W
(14)
We will show that W is homeomorphic to Y ∨ Z ∪ f−g C(Σ X). Computing at the point set level we verify that there is a
pushout
S1
id+(−id)
S1 ∨ S1
C S1 S1 ∧ I+
The pedant should observe that more precisely, using the map S1 ∨ S1 → S1 ∧ I+ induced by the inclusions into the end
of the cylinder, there is a homeomorphism between S1 ∧ I+ and C S1∐S1 S1 ∨ S1 compatible with the maps from S1 ∨ S1.
Smashing this diagram with X we get that the left-hand square of the following diagram is a pushout. We let W ′ be the
pushout of the right-hand square.
Σ X
id+(−id)
Σ X ∨Σ X f∨g Y ∨ Z
CΣ X CylΣ X W ′
Since the left- and right-hand squares are both pushout so is the outside square and so we get that W ′ is homeomorphic
to Y ∨ Z ∪ f−g C(Σ X). On the other hand W ′ is easily seen to be homeomorphic to W in diagram (14). In particular we
construct a homeomorphism φ : W ′ → W by including Y and Z into W through the corners of (14), thus getting a map
Y ∨ Z → W , and then letting CylΣ X → W be the map through the inclusion into Cyl( f ). 
Lemma 13. Suppose we have a diagram
B
b
A
f
a
g
C
c
B ′ A′
f ′ g′ C
′
such that f and f ′ are coﬁbrations, the left square commutes, the right square commutes up to homotopy and all vertical maps are
homotopy equivalences. Then the pushouts of the top and bottom rows are homotopy equivalent.
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consider the following commutative diagram
B
i0 B × I Bi1 b B ′
A
f
g
i0 A × I
f×id
H
A
f
g′a
i1 a
A′
f ′
g′
C c C
′ C ′id id C
′
where the i j are the inclusions into the ends of the cylinder and H is the homotopy making the right-hand square in the
lemma’s diagram commute. Since f × id is a coﬁbration, rotation gives the desired reduction to the strictly commutative
case. 
Next deﬁne a generalisation of the space of interest in this work, which will be pleasantly revisited in the sequel. Let
g : Sk−1 → S2 and h : Sk−1 → Sn−1 and let
X = S2 ∨ Sn ∪ f ek+1, where f = ι2 ◦ η ◦ Σ g − ιn ◦ Σh (15)
where η : S3 → S2 is the Hopf map and for i  0 and any space Y , ιi : Si ↪→ Si ∨ Y is the canonical inclusion. Just below we
give a different description of these spaces.
Proposition 14. Let X be a space of the form (15) and consider the coﬁbration sequence:
Sk−1 h Sn−1 C(h)
φ
Sk · · · (16)
Then there exists a coﬁbration sequence of the form:
C(h)
f ′
S2

X (17)
with f ′ = η ◦Σ g ◦ φ , where φ is as in (16).
Proof. From the coﬁbration sequence (16) there is a homotopy commutative diagram
A
a
A/C(h)
b
C(h)
c
φ S
k
Σh S
n
such that c is a coﬁbration and a and b are homotopy equivalences.
Next consider the following diagram:
C(h) c A
i
a
Cyl(η ◦ Σ g ◦ a)
c
Sk
i′
Σh
Cyl(η ◦Σ g)
∗ A/C(h)
b
Y
Sn X
where i and i′ are the standard inclusions into the end of the cylinder, c is the induced map and Y is the pushout of
the back right square. Since the left back square is a pushout if follows that the outside back rectangle is a pushout (see
[20, Lemma 2.5] for example), and so since i ◦ c is a coﬁbration there is a coﬁbration sequence C(h) f
′
→ S2 → Y .
Since the cylinder is functorial the top diamond commutes and c is a homotopy equivalence with both cylinders equiva-
lent to S2. By Lemma 12, X is the pushout of the front square. Then using Lemma 13 it follows that X  Y and so for some
map  there is a coﬁbration sequence C(h)
f ′→ S2 → X as required. 
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step in the proof of the main result in the form of an alternative characterisation of the space deﬁned in (1).
Corollary 15. Let T = S2 ∨ S6 ∪ f e7 , where f = ι2 ◦ η4 + 4ι6 . Then there exists a coﬁbration sequence of the form:
M(Z4,5)
f ′
S2

X (18)
with f ′ = η4 ◦ φ , where φ is the pinch map described in (3).
3. The category of spaces of interest
This section contains, in Proposition 16, the proof that the category of the space constructed in (1) is equal to two. The
form of such space calls for the use of Theorem 8. That is, it is necessary to prove that for any section of the ﬁrst Ganea
ﬁbration of S2 ∨ S6, the Hopf invariant of the attaching map yielding T is nontrivial. In doing so, two main tools will be
utilised: ﬁrst, a section of pS
2∨S6
1 will be related to the unique section of p
S2
1 ; and second, a projection of the Hopf invariant
of the attaching map yielding T will be proved to be nontrivial.
Below a more general proposition of which the category of the space of interest will be an immediate consequence.
Proposition 16. Let the maps g and h and the space X have the form (15). If Σh does not divide Σ g, in the sense that there exists no
map b : Sn → S3 such that Σ g = b ◦Σh, then cat X = 2.
Proof. Since cat(S2 ∨ S6) = 1 and at most one more open subspace of X contractible in X is required to cover it [15],
it follows that 1  cat X  2. To prove the result at stake and in view of Theorem 8, it will be suﬃcient to prove that
for any section s of the ﬁrst Ganea ﬁbration of S2 ∨ Sn , the Hopf invariant Hs( f ) ∈ πkG1(S2 ∨ Sn), and consequently
Hs( f ) ∈ πk F1(S2 ∨ Sn), is homotopically nontrivial. This proof will be carried out by projecting this Hopf invariant into S3.
For any section s : S2 ∨ Sn → G1(S2 ∨ Sn), compute:
Hs( f ) = Hs(ι2 ◦ η ◦ Σ g + ιn ◦ Σh) = Hs(ι2 ◦ η ◦Σ g)+ Hs(ιn ◦ Σh) = Hs(ι2 ◦ η) ◦ Σ g + Hs(ιn) ◦ Σh (19)
where these equalities follow from Proposition 7. Let p′ : G1(S2) → S3 be the map from Lemma 10 such that p′ ◦ Hσ (η) 
1S3 : S3 → S3.
Compute:
p′ ◦ G1(1 ◦ j) ◦ Hs( f ) = p′ ◦ Hσ (η) ◦Σ g + c ◦ Σh = Σ g + c ◦ Σh
where the ﬁrst equality follows from calling c = p′ ◦ G1(1 ◦ j) ◦ Hs(ιn) ∈ πn S3 as well as from Proposition 11 and Eq. (19)
and the second equality follows from the fact that p′ ◦ Hσ (η)  1S3 (Lemma 10). Since Σh does not divide Σ g , the last
map above will never be trivial, irrespective of the section s. Thus Hs( f ) = 0 and so by Theorem 8 cat X > 1 and hence
cat X = 2. 
The proof of the ﬁrst part of the main concern of this work now follows immediately from Propositions 1 and 16.
Corollary 17. cat(T ) = 2.
It is also possible to prove the results in this section using the second description of the spaces X and T as in Proposi-
tion 14 and Corollary 15, together with [20, Proposition]. However we wanted to emphasize the connection with the more
traditional Hopf invariant methods.
4. A counterexample to Ganea’s conjecture
This section contains, in Corollary 19, the remainder of the proof of Theorem 20. In other words, the proof that the
space T constructed in (1) indeed constitutes a counterexample to Ganea’s conjecture, in the sense that the category of the
product of T with a sphere of suﬃciently large dimension is also equal to two. This counterexample will derive from a more
general result contained in Proposition 18.
The proof of this counterexample will rely upon the alternative representation of T given in Section 2. The well-known
fact that the category of a space is equal to the category of its identity map shall call for the use of a theorem of Stanley
[20, Theorem 3.5] yielding the category of a map from a commutative diagram involving a coﬁbration sequence and a
ﬁbration sequence related (or equal) to a Ganea ﬁbration. As part of the conditions to apply the said theorem, the instability
of a map is shown by factoring a Hopf invariant related to iterations of the Hopf map through a map of spheres with
Brouwer degree 4. This last factorization shall yield an alternative argument (Proposition 21) to prove that the Q -category
of T is equal to one.
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stably, in the sense that there exist a positive integer p and a map b ∈ πp+n(Sp+3) such thatΣr+1g = Σr−pb ◦Σr+1h for r  p, then
cat(X × Sr) 2 for the same values of r. If in addition Σh does not divide Σ g then cat(X) = 2 and hence X is a counterexample to
Ganea’s conjecture.
Proof. By Proposition 14, there exists a coﬁbration sequence of the form:
C(h)
f ′
S2

X
with f ′ = η ◦ Σ g ◦ φ. Recall from Lemma 9 that there is, up to homotopy, a single section σ of the Ganea ﬁbration
G1(S2) → S2 which enables one to construct the Hopf invariant of f ′ as in the following diagram:
F1(S2)
i′
F1() F1(X)
i
C(h)
θ◦Σ( f ′)a
Hσ ( f ′)
G1(S2)
G1() G1(X)
p1
C(h)
f ′ S
2

σ
X
(20)
Let then α = −F1() ◦Hσ ( f ′) and β = G1() ◦ σ and consider the following diagram:
C(h)
f ′
α
S2

β
X
F1(X) i G1(X) p1 X
(21)
The (strict) commutativity of the right square of (21) follows from that of the bottom right solid square of (20) and the
deﬁnition of section. As for the left square of (21), following the deﬁnitions and diagrams given above, compute:
β ◦ f ′ = G1() ◦ σ ◦ f ′ = G1() ◦
(
θ ◦ Σ( f ′)a − Hσ ( f ′))= G1() ◦ θ ◦ Σ( f ′)a − G1() ◦ Hσ ( f ′)
where the second equality follows from the deﬁnition of Hσ ( f ′), and also:
i ◦ α = −i ◦ F1() ◦Hσ
(
f ′
)= −G1() ◦ i′ ◦Hσ ( f ′)= −G1() ◦ Hσ ( f ′)
where the last equality is by the deﬁnition of Hσ ( f ′). The commutativity of (21) will then be proved by showing that
G1() ◦ θ ◦Σ( f ′)a is homotopically trivial. Recalling Proposition 6(1), one computes by the use of Lemma 4 and the functo-
riality of Σ :
G1() ◦ θ ◦ Σ
(
f ′
)a  θ ◦ Σ(Ω ◦ ( f ′)a)= θ ◦ Σ( ◦ f ′)a  ∗
where the last homotopy follows from the fact that the two maps inside the parenthesis are consecutive maps in the
coﬁbration sequence (17). Next, mimicking the computation (19) and using Proposition 7, compute for any r = 0,1,2, . . .
Σrα = −Σr F1() ◦ Σr
(Hσ (η ◦ Σ g ◦ φ))= −Σr F1() ◦ ΣrHσ (η) ◦Σr+1g ◦ Σrφ
where the second equality uses the fact that φ is a suspension. By hypothesis, for r  p, Σr+1g can be factored as in the
following commutative diagram:
ΣrC(h)
Σrφ
Sr+k Σ
r+1h
Σr+1g
Sr+n
Σr−pb
Sr+3
(22)
but since the top row is a coﬁbration sequence of the form (16), it follows that Σr+1h◦Σrφ  ∗ and hence Σr+1g ◦Σrφ  ∗,
hence proving the homotopy triviality of Σrα for r  p.
Therefore, the commutative diagram (21) is such that its top row is a coﬁbration sequence, its bottom row is a 1-LS
ﬁbration and the left vertical map α has a homotopically trivial r-th suspension. Since cat X = cat 1X , it follows from
[20, Theorem 3.5] that cat(X × Sr)  2 for r  2. If in addition Σh does not divide Σ g then Proposition 16 tells us that
cat X = 2 so cat(X × Sr) = cat X = 2 and X is a counterexample to Ganea’s conjecture. 
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more details have been added. The referred to theorem could have been more generally stated to cover this situation better,
but unfortunately it was not.
Corollary 19. The space T deﬁned in (1) is such that cat(T × Sr) = 2 for r  2.
Proof. By Proposition 1(4), η3 is not divisible by 4 but Σrη3 is divisible by 4 for r  2. Therefore, Proposition 18 completes
the proof. 
Summarizing we get:
Theorem 20. There exists a 7-dimensional topological space T such that:
(a) cat T = 2, and
(b) cat(T × Sr) = 2 for r  2.
In other words, T is a counterexample to Ganea’s conjecture.
As discussed in the introduction, Proposition 22 follows immediately from [27, Corollary 13]. An alternative direct proof
deriving from the previous discussion will follow as a corollary to the next proposition.
Proposition 21. Let X be a space such that there exists a homotopy commutative diagram of the form:
ΣW
f ′
α
Y

β
X
Fk(X) i Gk(X) p X
(23)
whose top row is a coﬁbration sequence, bottom is a Ganea ﬁbration, and with Σ∞α = 0. Then Qcat X  k.
Proof. The proof will be conducted by ﬁnding a section τ of the ﬁbrewise construction (6) applied to the k-th Ganea
ﬁbration of X . Consider the following solid-arrow diagram:
ΣW
f ′
α
Y

β
X
· · · ΩGk(X) Ωpk
ΩιQ
Ω X Fk(X) i
ιQ
Gk(X) pk
ιQ
X
· · · ΩQ Gk(X)
ΩQ pk
Ω X Q Fk(X) i′ Q Gk(X) Q pk
X
τ
(24)
where the top ladder is precisely the homotopy commutative diagram (23) with its bottom row replaced by the k-th Ganea
ﬁbration of X as in (4). The bottom row of (24) is the ﬁbration sequence (6) and the lower ladder is commutative by
[3, Appendix A] and the naturality of longer ﬁbration sequences [24, Theorem 2.59]. Since Σ∞α = 0 by assumption, notice
that:
ιQ ◦ β ◦ f ′ = i′ ◦ ιQ ◦ α = i′ ◦
(
Σ∞α
)a = 0.
Since the top row in (24) is a coﬁbration sequence, the above triviality implies that there exists a map τ ′ such that τ ′ ◦  =
ιQ ◦ β . Next, notice that Ωp1 from the ﬁrst Ganea ﬁbration of X has the section θa : Ω X → ΩG1(X) and hence the map
s = Ωι ◦ θa : Ω X → ΩGk(X), where ι : G1(X) → Gk(X) is the inclusion map from Proposition 6, is a section for Ωpk in the
ﬁbration sequence induced by the k-th Ganea ﬁbration of X in the middle row of (24). Consequently, the map ΩQ pk also
has a section given by ΩιQ ◦ s. From the surjectivity of the coaction [24, Proposition 4.8 (i)] as applied in [20, Lemma 2.2],
it follows that the map τ ′ can be replaced by a map τ such that τ ◦  = ιQ ◦ β and additionally Q pk ◦ τ  1X . This last
property means that τ is indeed the section sought for Q pk and concludes the proof. 
Proposition 22. The space T constructed in Theorem 20 is such that Qcat T = 1.
Proof. The result follows immediately by making k = 1 and using the diagram (21) in Proposition 21, in the particular case
X = T . 
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